
統計的機械学習 （応用計量分析２）第7回 

条件付き平均因果効果の推定法（参考pdf 5.3節、6章）
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CATE推定法の中でも決定木系の手法について学ぶ 
ベイズ推論についてもとりあげる

90

• 1. ガイダンス・因果推論と機械学習の概論 
• 2. 意思決定理論（期待効用理論）の復習、因
果推論との関係 

• 3. 潜在結果モデルに基づく因果推論の枠組み 
• 4. 平均因果効果の推定法 
• 5. 条件付き平均因果効果（CATE）の推定法
１：メタ学習器 

• 6. メタ学習器の続きと二重機械学習 
• 7. CATEの推定法３：決定木と決定森 

• 深層学習に基づく方法 
• 8. 構造方程式モデルとバックドア基準

本日の内容

• 8. 因果探索 
• 9. 発展的な因果推論手法：フロントドア
調整、操作変数法、回帰不連続デザイン、
代理変数法 

• 10. 続き 
• 11. 発展的な意思決定理論 
• 12. 強化学習 
• 13. オフライン強化学習 
• 14. バンディット 
• 15. まとめ
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CATE推定のためのメタ学習とDML
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• メタ学習器 
• S-Learnerは行動を入力変数に含めてモデル化 
• T-Learnerは行動ごとに分けてモデル化 
• X-LearnerはT-Learnerをベースに曝露/対照群間の偏りによって結果モデルの推定精度がネックになら
ないよう群ごとに を学習して重みつき平均 

• DR-LearnerはAIPW法の擬似結果を回帰する方法で二重頑健性を保証 
• 二重機械学習（DML） 

• 行動が二値 の場合に加えて連続値の場合に対して線形モデルとした 
セミパラメトリックモデル（ 以外に関しては非線形を許容） 

• 結果 を説明変数（ 以外）に回帰したモデルの残差を、行動を説明変数に回帰したモデルの残差に回帰 

• 残差が過小推定とならないようにデータ分割、クロスフィットを行う

̂τ

a ∈ {0,1}

a

y a

振り返り
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決定木は各次元で領域分割した上で定数で予測するモデル
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• 決定木は説明変数の各次元の値の大小によって場合分けした領
域ごとに定数を予測値として出力 
• 分割ごとの変数としきい値、領域ごとの予測値が学習可能なパラメタ 

• 決定木の基本的な学習法 
1. 現状の領域分割に追加して最も目的関数（損失）を改善する分
割を逐次的に探す 
• 二乗誤差による回帰では、領域の予測値は平均値とする 

2. 停止条件に合致したら停止 
• 木の深さが一定になるか、領域内のサンプルサイズが一定以下になっ
たらその領域は分割終了 

• 各分割は説明変数軸に沿って行われる 
• 「斜め切り」はしない。ただ、表データは各軸が意味的に独立してい
ることが多く、現実には有益な制約であることが多いとされる

決定木の基本

x1 ≥ 0.4

x2 ≥ 0.7−0.3

0.40.7

TrueFalse

TrueFalse

決定木の例
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因果木：データ分割の工夫と因果効果の直接推定
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• 以下は割付確率pが一定のランダム化試験（0<p<1） 
• 決定木＝領域内は同一の値で近似 

• の属する領域を として、　（※葉ノード＝リーフのL。損失関数の とは全く別） 
 

• 領域内の曝露群と対照群の平均差を使う（観察データでは交絡調整が必要）  
• 領域分割の最適化に用いる訓練データ 、予測値の計算に用いる推定用データを分ける：Honestアプローチ 

• 説明変数の空間 の領域 によるある分割  に対して推定用データ を用いて  

•
　と推定する。ここで は のうち に属し行動が のサンプル 

• 目的関数も推定分散を考慮して修正 
• 以下の目的関数を最大化するように領域 を学習 

• 　の推定として以下の目的関数を得る 

• 　ただし は領域内の各群の結果の経験分散 

• は平均が入るので、それが領域ごとに異なっているほど ごとの異質性を捉えており近似精度が高い（第１項） 
かつ領域内の分散は小さいほど推定分散が小さい（第２項）

x ℓ(x) ℓ

τ(x) = 𝔼[y1 |x] − 𝔼[y0 |x] ≈ 𝔼[y1 |ℓ(x)] − 𝔼[y0 |ℓ(x)]

𝒟tr

𝒳 ℓk ⊂ 𝒳 Π = {ℓk}k (∪kℓk = 𝒳) 𝒟est

̂τ(x; 𝒟est, Π) =
1

|𝒟ℓ(x)
1 | ∑

i∈𝒟ℓ(x)
1

yi −
1

|𝒟ℓ(x)
0 | ∑

i′￼∈𝒟ℓ(x)
0

yi′￼ 𝒟ℓ(x)
a 𝒟est ℓ(x) a

Π

−EMSEτ(Π) = 𝔼x[τ2(x; Π)] − 𝔼x[𝕍𝒟est[ ̂τ(x; 𝒟est, Π) ∣ x]]

− ̂EMSEτ (𝒟tr, Π) :=
1

N tr ∑
i∈𝒟tr

̂τ2 (xi; 𝒟tr, Π)−( 1
N tr

+
1

Nest ) ⋅ ∑
ℓ∈Π ( (Str

1 (ℓ))2

p
+

(Str
0 (ℓ))2

1 − p ) (Str
a (ℓ))2

̂τ x

因果推論向けの決定木
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推定用データと訓練データの独立性を利用して 
訓練の楽観バイアスと推定分散を推定できる

94

• 固定した分割 に関して、 を用いて前ページのように を定義し、これを で評価した場合のMSEを考える 

•  

• ここで最後の  は解析の都合で付与した、モデルによらない定数 

• 、 に関して期待値をとる 

•  

• 負号をつけて式展開する。領域 における真の平均因果効果を として分解して 

•

Π 𝒟est ̂τ 𝒟te

MSEτ(𝒟te, 𝒟est, Π) :=
1

N te ∑
i∈𝒟te

{(τi − ̂τ(xi; 𝒟est, Π))2 − (τi)2}
−(τi)2

𝒟est 𝒟te

EMSEτ(Π) := 𝔼𝒟te,𝒟est [MSEτ(𝒟te, 𝒟est, Π)]
ℓ(x) τ(xi; Π)

−EMSEτ(Π) = −𝔼(xi,τi),𝒟est [(τi − ̂τ(xi; 𝒟est, Π))2 − (τi)2]
= −𝔼(xi,τi) [(τi − τ(xi; Π))2 − (τi)2]

−𝔼xi,𝒟est [( ̂τ(xi; 𝒟est, Π) − τ(xi; Π))2]
= −𝔼xi [−2𝔼[τi |xi]τ(xi; Π) + (τ(xi; Π))2]

−𝔼xi[𝕍𝒟est[ ̂τ(xi; 𝒟est, Π) ∣ xi]]
= 𝔼xi [τ2 (xi; Π)] − 𝔼xi[𝕍𝒟est[ ̂τ(xi; 𝒟est, Π) ∣ xi]]

（参考）因果木の目的関数の導出

← 𝔼 [τi |ℓ(xi)] = τ(xi; Π)
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因果フォレスト：因果木のアンサンブル
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• ランダム森（教師あり学習法） 
• 決定木をベース学習器とするアンサンブル法 
1. データを重複ありで再抽出し、 
分割候補の変数もランダムに選んで決定木を学習する 

• 木の多様性を高める（木どうしの相関を下げる）ため 

2. これを繰り返し、出力は各木の出力の平均とする 

• 因果フォレスト（Causal Forest） 
• 因果木をベース学習器 とし、重複なしのサブサンプルで学習 

•

̂τj(x)

̂τ(x) =
1
m

m

∑
j=1

̂τj(x)

ランダム森（決定木のアンサンブル）モデルを用いた推定法
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BARTはベイズ推論（MCMC）による決定森 
もともとは因果推論用ではないが、因果推論にもよく使われる
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• ベイズ推論 
• ベイズの定理を用いてデータからパラメタの分布を推論する 

• 　･･･(★) 

• 予測時はパラメタに関して期待値をとる：  

• 実際には からサンプリングしたパラメタ集合 の各モデルが返す予測値を平均する 

• BARTでは(★)式の分母の積分を直接計算するのが困難 
→ マルコフ連鎖モンテカルロ（MCMC）法 

• あるパラメタ から対称な提案分布で候補 に遷移するか止まるかを 

受容確率 に従って決める（対称提案のメトロポリス法）。適切な条件のもとで は

を定常分布とする連鎖になる 

• MCMC Interactive Gallery 

• BART（Bayesian Additive Regression Trees） 
• 複数の木の和を1つのモデルとし、そのパラメタ  をMCMCで推定する回帰モデル 
• これをS-Learnerとして因果推論に用いることが提案されている [Hill 2011]

p(θ |D) =
p(D |θ)

∫ p(D |θ′￼)p(θ′￼)dθ′￼
p(θ)

̂y = 𝔼θ∼p(θ|D)𝔼[y |x, θ]

p(θ |D) {θ1, …, θK}

θt−1 θ∗

min{1,
p(θ∗ ∣ D)

p(θt−1 ∣ D) } {θt}t

p(θ |D)

θ

ベイズ的決定森

+ + + ⋯f1(x) =

+ + + ⋯

+ + + ⋯

m

⋯

K

+ + + ⋯f2(x) =

⋯

木を1つずつ更新する 
（backfitting MCMC）

Hill, Jennifer L. "Bayesian nonparametric modeling for causal inference." Journal of Computational and Graphical Statistics 20.1 (2011): 217-240.

https://chi-feng.github.io/mcmc-demo/app.html
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深層学習による敵対的ドメイン適応として解く
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• 実績分布が傾向スコア  によって偏ることが問題

• Counterfactual Regression（CFR）

• 行動  によって分布変化しない表現  を抽出し、  
  になるようにして、  

 空間上で構築したモデルの誤差低減を目指す（均衡化だけでは保証されない）

• CFRは積分確率計量 Integral Probability Metric (IPM) によって  
分布間不一致を測り、これを同時最小化（損失に加える）

•
• 関数クラスGの設定は1-リップシッツ関数などが用いられる

• この場合のIPMはワッサースタイン計量とも呼ばれる

• 群間の差を測る関数 をGの制約のもとで最大化する（敵対的学習）

• （上記 の双対問題と呼ばれる別問題を毎回解く方法もある）

μ(a |x)

a ϕx = ϕ(x)
p(ϕx |a = 0) ≃ p(ϕx |a = 1)
ϕx

IPMG(p1, p2) := sup
g∈G ∫Φ

g(ϕ)(p1(ϕ) − p2(ϕ))dϕ .

g
sup

深層学習（表現学習）に基づく手法

Estimating individual treatment effect: generalization bounds and algorithms

vidual is identified by its features x. The bound leads nat-
urally to a new family of representation-learning based al-
gorithms (Bengio et al., 2013), which we show to match or
outperform state-of-the-art methods on several causal ef-
fect inference tasks.

We frame our results using the Rubin-Neyman potential
outcomes framework (Rubin, 2011), as follows. We as-
sume that for a unit with features x 2 X , and an action
(also known as treatment or intervention) t 2 {0, 1}, there
are two potential outcomes: Y0 and Y1. In our data, for
each unit we only see one of the potential outcomes, de-
pending on the treatment assignment: if t = 0 we observe
y = Y0, if t = 1, we observe y = Y1; this is known as the
Consistency assumption. For example, x can denote the set
of lab tests and demographic factors of a diabetic patient,
t = 0 denote the standard medication for controlling blood
sugar, t = 1 denotes a new medication, and Y0 and Y1 indi-
cate the patient’s blood sugar level if they were to be given
medications t = 0 and t = 1, respectively.

We will denote m1(x) = E [Y1|x], m0(x) = E [Y0|x].
We are interested in learning the function ⌧(x) :=
E [Y1 � Y0|x] = m1(x) � m0(x). ⌧(x) is the expected
treatment effect of t = 1 relative to t = 0 on an individual
unit with characteristics x, or the Individual Treatment Ef-
fect (ITE) 2. For example, for a patient with features x, we
can use this to predict which of two treatments will have a
better outcome. The fundamental problem of causal infer-
ence is that for any x in our data we only observe Y1 or Y0,
but never both.

As mentioned above, we make an important “no-hidden
confounders” assumption, in order to make the condi-
tional causal effect identifiable. We formalize this assump-
tion by using the standard strong ignorability condition:
(Y1, Y0) ?? t|x, and 0 < p(t = 1|x) < 1 for all x. Strong
ignorability is a sufficient condition for the ITE function
⌧(x) to be identifiable (Imbens & Wooldridge, 2009; Pearl,
2015; Rolling, 2014): see proof in the supplement. The va-
lidity of strong ignorability cannot be assessed from data,
and must be determined by domain knowledge and under-
standing of the causal relationships between the variables.

One approach to the problem of estimating the function
⌧(x) is by learning the two functions m0(x) and m1(x)
using samples from p(Yt|x, t). This is similar to a stan-
dard machine learning problem of learning from finite sam-
ples. However, there is an additional source of variance at
work here: For example, if mostly rich patients received
treatment t = 1, and mostly poor patients received treat-
ment t = 0, we might have an unreliable estimation of
m1(x) for poor patients. In this paper we upper bound this

2Sometimes known as the Conditional Average Treatment Ef-
fect, CATE.

!
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Figure 1. Neural network architecture for ITE estimation. L is
a loss function, IPMG is an integral probability metric. Note that
only one of h0 and h1 is updated for each sample during training.

additional source of variance using an Integral Probabil-
ity Metric (IPM) measure of distance between two distri-
butions p(x|t = 0), and p(x|t = 1), also known as the
control and treated distributions. In practice we use two
specific IPMs: the Maximum Mean Discrepancy (Gretton
et al., 2012), and the Wasserstein distance (Villani, 2008;
Cuturi & Doucet, 2014). We show that the expected error
in learning the individual treatment effect function ⌧(x) is
upper bounded by the error of learning Y1 and Y0, plus the
IPM term. In the randomized controlled trial setting, where
t ?? x, the IPM term is 0, and our bound naturally reduces
to a standard learning problem of learning two functions.

The bound we derive points the way to a family of algo-
rithms based on the idea of representation learning (Ben-
gio et al., 2013): Jointly learn hypotheses for both treated
and control on top of a representation which minimizes a
weighted sum of the factual loss (the standard supervised
machine learning objective), and the IPM distance between
the control and treated distributions induced by the repre-
sentation. This can be viewed as learning the functions m0

and m1 under a constraint that encourages better general-
ization across the treated and control populations. In the
Experiments section we apply algorithms based on multi-
layer neural nets as representations and hypotheses, along
with MMD or Wasserstein distributional distances over the
representation layer; see Figure 1 for the basic architecture.

In his foundational text about causality, Pearl (2009) writes:
“Whereas in traditional learning tasks we attempt to gener-
alize from one set of instances to another, the causal mod-
eling task is to generalize from behavior under one set of
conditions to behavior under another set. Causal models
should therefore be chosen by a criterion that challenges
their stability against changing conditions...” [emphasis
ours]. We believe our work points the way to one such
stability criterion, for causal inference in the strongly ig-
norable case.

2. Related work
Much recent work in machine learning for causal inference
focuses on causal discovery, with the goal of discovering

= a
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群間の  分布による損失の差を  で上から抑えるx sup
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• 理論（引用式のtは行動a、Φは表現抽出器φ） 
• 表現抽出器  が逆関数を持つなら、反事実損失  が、 
各群の事実損失の重み付き和  と分布間 を用いて、下記の条件のもとで上から抑えられる 

• →  +  を最小化して  の低減を目指す 
 
 
 

•  による表現上の予測モデル  と損失  (MSE) に対する期待損失  
を正の定数  で割った関数が、両行動でGに入ると仮定。 

• 未知の期待損失  の群間の差を  で抑える 

ϕ MSECF

RF IPM

RF BΦ IPM MSECF

Φ h L

Estimating individual treatment effect: generalization bounds and algorithms

Notation:
p(x, t): distribution on X ⇥ {0, 1}
u = p(t = 1): the marginal probability of treatment.
pt=1(x) = p(x|t = 1): treated distribution. pt=0(x) = p(x|t = 0): control distribution.
�: representation function mapping from X to R.
 : the inverse function of �, mapping from R to X .
p�(r, t): the distribution induced by � on R⇥ {0, 1}.
pt=1
� (r), pt=0

� (r): treated and control distributions induced by � on R.
L(·, ·): loss function, from Y ⇥ Y to R+.
`h,�(x, t): the expected loss of h(�(x), t) for the unit x and treatment t.
✏F (h,�), ✏CF (h,�): expected factual and counterfactual loss of h(�(x), t).
⌧(x) := E [Y1 � Y0|x], the expected treatment effect for unit x.
✏PEHE(f): expected error in estimating the individual treatment effect of a function f(x, t).
IPMG(p, q): the integral probability metric distance induced by function family G between distributions p and q.

Proof. Let J (r) be the absolute of the determinant of the
Jacobian of  (r).

p�(t|r) =
p�(t, r)

p�(r)

(a)
=

p(t, (r))J (r)

p( (r))J (r)
=

p(t, (r))

p( (r))
= p(t| (r)),

where equality (a) is by the change of variable formula.
The proof is identical for p(Yt|r).

Let L : Y ⇥ Y ! R+ be a loss function, e.g. the absolute
loss or squared loss.
Definition A4. Let � : X ! R be a representation func-
tion. Let h : R⇥{0, 1} ! Y be an hypothesis defined over
the representation space R. The expected loss for the unit
and treatment pair (x, t) is:

`h,�(x, t) =

Z

Y

L(Yt, h(�(x), t))p(Yt|x)dYt

Definition A5. The expected factual loss and counterfac-
tual losses of h and � are, respectively:

✏F (h,�) =

Z

X⇥{0,1}
`h,�(x, t) p(x, t) dxdt

✏CF (h,�) =

Z

X⇥{0,1}
`h,�(x, t) p(x, 1� t) dxdt.

When it is clear from the context, we will sometimes use
✏F (f) and ✏CF (f) for the expected factual and counterfac-
tual losses of an arbitrary function f : X ⇥ {0, 1} ! Y .
Definition A6. The expected treated and control losses
are:

✏t=1
F

(h,�) =

Z

X

`h,�(x, 1) p
t=1(x) dx

✏t=0
F

(h,�) =

Z

X

`h,�(x, 0) p
t=0(x) dx

✏t=1
CF

(h,�) =

Z

X

`h,�(x, 1) p
t=0(x) dx

✏t=0
CF

(h,�) =

Z

X

`h,�(x, 0) p
t=1(x) dx.

The four losses above are simply the loss conditioned on
either the control or treated set. Let u := p(t = 1) be the
proportion of treated in the population. We then have the
immediate result:

Lemma A3.

✏F (h,�) = u · ✏t=1
F

(h,�) + (1� u) · ✏t=0
F

(h,�)

✏CF (h,�) = (1� u) · ✏t=1
CF

(h,�) + u · ✏t=0
CF

(h,�).

The proof is immediate, noting that p(x, t) = u ·pt=1(x)+
(1 � u) · (̧x), and from the Definitions A4 and A6 of the
losses.

Definition A7. Let G be a function family consisting of
functions g : S ! R. For a pair of distributions p1, p2
over S , define the Integral Probability Metric:

IPMG(p1, p2) = sup
g2G

����
Z

S

g(s) (p1(s)� p2(s)) ds

����

IPMG(·, ·) defines a pseudo-metric on the space of proba-
bility functions over S , and for sufficiently large function
families, IPMG(·, ·) is a proper metric (Müller, 1997). Ex-
amples of sufficiently large functions families includes the
set of bounded continuous functions, the set of 1-Lipschitz
functions, and the set of unit norm functions in a univer-
sal Reproducing Norm Hilbert Space. The latter two give
rise to the Wasserstein and Maximum Mean Discrepancy
metrics, respectively (Gretton et al., 2012; Sriperumbudur
et al., 2012). We note that for function families G such as
the three mentioned above, for which g 2 G =) �g 2

G, the absolute value can be omitted from definition A7.

BΦ

ℓh,Φ sup

（参考）敵対的ドメイン適応の理論

反事実（観測されなかった 
潜在結果）の誤差 MSECF(h, Φ) ≤ (1 − u)MSEt=1

F (h, Φ) + uMSEt=0
F (h, Φ) + BΦ ⋅ IPMG (pt=1

Φ , pt=0
Φ ),

各群の事実損失の重み付き和 
（通常の事実損失とは重みが逆）

↓ p(a = 1)
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• 理論 
• 表現抽出器  が逆関数を持つなら、一様分布上の損失  が、 
データ分布上の損失  と分布間 を用いて上から抑えられる 

• →  +  を最小化すれば  が抑えられる 
 
 
 

•  上の真のモデル  と損失  の合成 

•  

• が関数クラスGに入るように定数(パラメタ)  を決めれば、 
その未知の関数  に関して最悪  をとれば上界になる 

ϕ MSEu

MSE IPM

MSE IPM MSEu

Φ h L

Estimating individual treatment effect: generalization bounds and algorithms

Notation:
p(x, t): distribution on X ⇥ {0, 1}
u = p(t = 1): the marginal probability of treatment.
pt=1(x) = p(x|t = 1): treated distribution. pt=0(x) = p(x|t = 0): control distribution.
�: representation function mapping from X to R.
 : the inverse function of �, mapping from R to X .
p�(r, t): the distribution induced by � on R⇥ {0, 1}.
pt=1
� (r), pt=0

� (r): treated and control distributions induced by � on R.
L(·, ·): loss function, from Y ⇥ Y to R+.
`h,�(x, t): the expected loss of h(�(x), t) for the unit x and treatment t.
✏F (h,�), ✏CF (h,�): expected factual and counterfactual loss of h(�(x), t).
⌧(x) := E [Y1 � Y0|x], the expected treatment effect for unit x.
✏PEHE(f): expected error in estimating the individual treatment effect of a function f(x, t).
IPMG(p, q): the integral probability metric distance induced by function family G between distributions p and q.

Proof. Let J (r) be the absolute of the determinant of the
Jacobian of  (r).

p�(t|r) =
p�(t, r)

p�(r)

(a)
=

p(t, (r))J (r)

p( (r))J (r)
=

p(t, (r))

p( (r))
= p(t| (r)),

where equality (a) is by the change of variable formula.
The proof is identical for p(Yt|r).

Let L : Y ⇥ Y ! R+ be a loss function, e.g. the absolute
loss or squared loss.
Definition A4. Let � : X ! R be a representation func-
tion. Let h : R⇥{0, 1} ! Y be an hypothesis defined over
the representation space R. The expected loss for the unit
and treatment pair (x, t) is:

`h,�(x, t) =

Z

Y

L(Yt, h(�(x), t))p(Yt|x)dYt

Definition A5. The expected factual loss and counterfac-
tual losses of h and � are, respectively:

✏F (h,�) =

Z

X⇥{0,1}
`h,�(x, t) p(x, t) dxdt

✏CF (h,�) =

Z

X⇥{0,1}
`h,�(x, t) p(x, 1� t) dxdt.

When it is clear from the context, we will sometimes use
✏F (f) and ✏CF (f) for the expected factual and counterfac-
tual losses of an arbitrary function f : X ⇥ {0, 1} ! Y .
Definition A6. The expected treated and control losses
are:

✏t=1
F

(h,�) =

Z

X

`h,�(x, 1) p
t=1(x) dx

✏t=0
F

(h,�) =

Z

X

`h,�(x, 0) p
t=0(x) dx

✏t=1
CF

(h,�) =

Z

X

`h,�(x, 1) p
t=0(x) dx

✏t=0
CF

(h,�) =

Z

X

`h,�(x, 0) p
t=1(x) dx.

The four losses above are simply the loss conditioned on
either the control or treated set. Let u := p(t = 1) be the
proportion of treated in the population. We then have the
immediate result:

Lemma A3.

✏F (h,�) = u · ✏t=1
F

(h,�) + (1� u) · ✏t=0
F

(h,�)

✏CF (h,�) = (1� u) · ✏t=1
CF

(h,�) + u · ✏t=0
CF

(h,�).

The proof is immediate, noting that p(x, t) = u ·pt=1(x)+
(1 � u) · (̧x), and from the Definitions A4 and A6 of the
losses.

Definition A7. Let G be a function family consisting of
functions g : S ! R. For a pair of distributions p1, p2
over S , define the Integral Probability Metric:

IPMG(p1, p2) = sup
g2G

����
Z

S

g(s) (p1(s)� p2(s)) ds

����

IPMG(·, ·) defines a pseudo-metric on the space of proba-
bility functions over S , and for sufficiently large function
families, IPMG(·, ·) is a proper metric (Müller, 1997). Ex-
amples of sufficiently large functions families includes the
set of bounded continuous functions, the set of 1-Lipschitz
functions, and the set of unit norm functions in a univer-
sal Reproducing Norm Hilbert Space. The latter two give
rise to the Wasserstein and Maximum Mean Discrepancy
metrics, respectively (Gretton et al., 2012; Sriperumbudur
et al., 2012). We note that for function families G such as
the three mentioned above, for which g 2 G =) �g 2

G, the absolute value can be omitted from definition A7.

BΦ

ℓh,Φ sup

（参考）敵対的ドメイン適応の理論

CounterFactual 
error

Estimating individual treatment effect: generalization bounds and algorithms

A.2. General IPM bound

We now state and prove the most important technical
lemma of this section.
Lemma A4 (Lemma 1, main text). Let � : X ! R be an
invertible representation with  its inverse. Let pt=1

� , pt=0
�

be defined as in Definition A3. Let u = p(t = 1). Let
G be a family of functions g : R ! R, and denote by
IPMG(·, ·) the integral probability metric induced by G.
Let h : R⇥{0, 1} ! Y be an hypothesis. Assume there ex-
ists a constant B� > 0, such that for t = 0, 1, the function
g�,h(r, t) :=

1
B�

· `h,�( (r), t) 2 G. Then we have:

✏CF (h,�) 

(1� u)✏t=1
F

(h,�) + u✏t=0
F

(h,�)+

B� · IPMG

�
pt=1
� , pt=0

�

�
. (6)

Proof.

✏CF (h,�)�
⇥
(1� u) · ✏t=1

F
(h,�) + u · ✏t=0

F
(h,�)

⇤
=

⇥
(1� u) · ✏t=1

CF
(h,�) + u · ✏t=0

CF
(h,�)

⇤
�

⇥
(1� u) · ✏t=1

F
(h,�) + u · ✏t=0

F
(h,�)

⇤
=

(1� u) ·
⇥
✏t=1
CF

(h,�)� ✏t=1
F

(h,�)
⇤
+

u ·
⇥
✏t=0
CF

(h,�)� ✏t=0
F

(h,�)
⇤
= (7)

(1� u)

Z

X

`h,�(x, 1)
�
pt=0(x)� pt=1(x)

�
dx+

u

Z

X

`h,�(x, 0)
�
pt=1(x)� pt=0(x)

�
dx = (8)

(1� u)

Z

R

`h,�( (r), 1)
�
pt=0
� (r)� pt=1

� (r)
�
dr+

u

Z

R

`h,�( (r), 0)
�
pt=1
� (r)� pt=0

� (r)
�
dr =

B� · (1� u)

Z

R

1

B�
`h,�( (r), 1)

�
pt=0
� (r)� pt=1

� (r)
�
dr+

B� · u

Z

R

1

B�
`h,�( (r), 0)

�
pt=1
� (r)� pt=0

� (r)
�
dr 

(9)

B� · (1� u) sup
g2G

����
Z

R

g(r)
�
pt=0
� (r)� pt=1

� (r)
�
dr

����+

B� · u sup
g2G

����
Z

R

g(r)
�
pt=1
� (r)� pt=0

� (r)
�
dr

���� = (10)

B� · IPMG(p
t=0
� , pt=1

� ). (11)

Equality (7) is by Definition A6 of the treated and control
loss, equality (8) is by the change of variables formula and
Definition A3 of pt=1

� and pt=0
� , inequality (9) is by the

premise that 1
B�

· `h,�( (r), t) 2 G for t = 0, 1, and (10)
is by Definition A7 of an IPM.

The essential point in the proof of Lemma A4 is inequal-
ity 9. Note that on the l.h.s. of the inequality, we need to

evaluate the expectations of `h,�( (r), 0) over pt=1
� and

`h,�( (r), 1) over pt=0
� . Both of these expectations are in

general unavailable, since they require us to evaluate treat-
ment outcomes on the control, and control outcomes on
the treated. We therefore upper bound these unknowable
quantities by taking a supremum over a function family
which includes `h,�( (r), 0) and `h,�( (r), 1). The up-
per bound ignores most of the details of the outcome, and
amounts to measuring a distance between two distributions
we have samples from: the control and treated distribution.
Note that for a randomized trial (i.e. when t ?? x) with we
have that IPM(pt=1

� , pt=0
� ) = 0. Indeed, it is straightfor-

ward to show that in that case we actually have an equality:
✏CF (h,�) = (1� u) · ✏t=1

F
(h,�) + u · ✏t=0

F
(h,�).

The crucial condition in Lemma A4 is that the function
g�,h(r) := 1

B�
`h,�( (r), t) is in G. In subsections A.3

and A.4 below we look into two specific function families
G, and evaluate what does this inclusion condition entail,
and in particular we will derive specific bounds for B�.
Definition A8. For t = 0, 1 define:

mt(x) := E [Yt|x] .

Obviously for the treatment effect ⌧(x) we have ⌧(x) =
m1(x)�m0(x).

Let f : X ⇥ {0, 1} ! Y by an hypothesis, such that
f(x, t) = h(�(x), t) for a representation � and hypothesis
h defined over the output of �.
Definition A9. The treatment effect estimate for unit x is:

⌧̂f (x) = f(x, 1)� f(x, 0).

Definition A10. The expected Precision in Estimation of
Heterogeneous Effect (PEHE) loss of g is:

✏PEHE(f) =

Z

X

(⌧̂f (x)� ⌧(x))2 p(x) dx.

Definition A11. The expected variance of Yt with respect
to a distribution p(x, t):

�2
Yt
(p(x, t)) =

Z

X⇥Y

(Yt �mt(x))
2 p(Yt|x)p(x, t) dYtdx.

We define:

�2
Yt

= min{�2
Yt
(p(x, t)),�2

Yt
(p(x, 1� t))},

�2
Y
= min{�2

Y0
,�2

Y1
}.

If Yt are deterministic functions of x, then �2
Y
= 0.

We now show that ✏PEHE(f) is upper bounded by 2✏F +
2✏CF � 2�2

Y
where ✏F and ✏CF are w.r.t. to the squared

loss. An analogous result can be obtained for the absolute
loss, using mean absolute deviation.

ϵCF(h, Φ) ≤
(1 − u)ϵt=1

F (h, Φ) + uϵt=0
F (h, Φ)

+BΦ ⋅ IPMG (pt=1
Φ , pt=0

Φ ),
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決定森と深層学習を用いた手法
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• 因果木は出力を とし分割学習用と予測値推定用にデータ分割
した決定木 

• 因果フォレストは因果木をベース学習器とするランダム森 
• ランダム森はデータをサブサンプリングして学習した決定木を平均し
たもの 

• BARTはベイズ推論を複数の木の和のモデルに適用したもの 
• 深層学習を用いるとIPMによる正則化を敵対的学習で実現可 

• 重み付けとは異なるアプローチ

τ

まとめ


